
348 Rational Functions

4.2.1 Exercises

For a link to all of the additional resources available for this section, click OSttS Chapter 4 materials.

In Exercises 1 - 16, use the six-step procedure to graph the rational function. Be sure to draw any
asymptotes as dashed lines.

For help with these exercises, click one or more of the resources below:

• Graphing rational functions

• Graphing rational functions which have a slant asymptote

1. f(x) =
4

x+ 2
2. f(x) =

5x

6− 2x

3. f(x) =
1

x2
4. f(x) =

1

x2 + x− 12

5. f(x) =
2x− 1

−2x2 − 5x+ 3
6. f(x) =

x

x2 + x− 12

7. f(x) =
4x

x2 + 4
8. f(x) =

4x

x2 − 4

9. f(x) =
x2 − x− 12

x2 + x− 6
10. f(x) =

3x2 − 5x− 2

x2 − 9

11. f(x) =
x2 − x− 6

x+ 1
12. f(x) =

x2 − x
3− x

13. f(x) =
x3 + 2x2 + x

x2 − x− 2
14. f(x) =

−x3 + 4x

x2 − 9

15. f(x) =
x3 − 2x2 + 3x

2x2 + 2
16.18 f(x) =

x2 − 2x+ 1

x3 + x2 − 2x

In Exercises 17 - 20, graph the rational function by applying transformations to the graph of y =
1

x
.

For help with these exercises, click on the resource below:

• Given the graph of one function, graph a related function using transformations

17. f(x) =
1

x− 2
18. g(x) = 1− 3

x

19. h(x) =
−2x+ 1

x
(Hint: Divide) 20. j(x) =

3x− 7

x− 2
(Hint: Divide)

18Once you’ve done the six-step procedure, use your calculator to graph this function on the viewing window
[0, 12]× [0, 0.25]. What do you see?

http://www.ostts.org/PreCalc4.html
http://www.ostts.org/resourcedisplay.php?objid=695
http://www.ostts.org/resourcedisplay.php?objid=696
http://www.ostts.org/resourcedisplay.php?objid=225
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21. Discuss with your classmates how you would graph f(x) =
ax+ b

cx+ d
. What restrictions must

be placed on a, b, c and d so that the graph is indeed a transformation of y =
1

x
?

22. In Example 3.1.1 in Section 3.1 we showed that p(x) = 4x+x3

x is not a polynomial even though
its formula reduced to 4 + x2 for x 6= 0. However, it is a rational function similar to those
studied in the section. With the help of your classmates, graph p(x).

23. Let g(x) =
x4 − 8x3 + 24x2 − 72x+ 135

x3 − 9x2 + 15x− 7
. With the help of your classmates, find the x- and

y- intercepts of the graph of g. Find the intervals on which the function is increasing, the
intervals on which it is decreasing and the local extrema. Find all of the asymptotes of the
graph of g and any holes in the graph, if they exist. Be sure to show all of your work including
any polynomial or synthetic division. Sketch the graph of g, using more than one picture if
necessary to show all of the important features of the graph.

Example 4.2.4 showed us that the six-step procedure cannot tell us everything of importance about
the graph of a rational function. Without Calculus, we need to use our graphing calculators to
reveal the hidden mysteries of rational function behavior. Working with your classmates, use a
graphing calculator to examine the graphs of the rational functions given in Exercises 24 - 27.
Compare and contrast their features. Which features can the six-step process reveal and which
features cannot be detected by it?

24. f(x) =
1

x2 + 1
25. f(x) =

x

x2 + 1
26. f(x) =

x2

x2 + 1
27. f(x) =

x3

x2 + 1

Checkpoint Quiz 4.2

1. Use the six step procedure discussed in class to graph r(x) =
2x3 − x2 − 3x

x3 − 4x
.

For worked out solutions to this quiz, click the links below:

• Quiz Solution Part 1

• Quiz Solution Part 2

• Quiz Solution Part 3

• Quiz Solution Part 4

http://youtu.be/SRYMacZnotA
http://youtu.be/-aic4GYSDH0
http://youtu.be/nIVxeIdrp78
http://youtu.be/HAXNwJORAXw
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4.2.2 Answers

1. f(x) =
4

x+ 2
Domain: (−∞,−2) ∪ (−2,∞)
No x-intercepts
y-intercept: (0, 2)
Vertical asymptote: x = −2
As x→ −2−, f(x)→ −∞
As x→ −2+, f(x)→∞
Horizontal asymptote: y = 0
As x→ −∞, f(x)→ 0−

As x→∞, f(x)→ 0+

x

y

−7−6−5−4−3−2−1 1 2 3 4 5

−5

−4

−3

−2

−1

1

2

3

4

5

2. f(x) =
5x

6− 2x
Domain: (−∞, 3) ∪ (3,∞)
x-intercept: (0, 0)
y-intercept: (0, 0)
Vertical asymptote: x = 3
As x→ 3−, f(x)→∞
As x→ 3+, f(x)→ −∞
Horizontal asymptote: y = −5

2

As x→ −∞, f(x)→ −5
2

+

As x→∞, f(x)→ −5
2

−

x

y

−3−2−1 1 2 3 4 5 6 7 8 9
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−6

−5

−4

−3

−2

−1

1

2

3

3. f(x) =
1

x2

Domain: (−∞, 0) ∪ (0,∞)
No x-intercepts
No y-intercepts
Vertical asymptote: x = 0
As x→ 0−, f(x)→∞
As x→ 0+, f(x)→∞
Horizontal asymptote: y = 0
As x→ −∞, f(x)→ 0+

As x→∞, f(x)→ 0+ x

y

−4 −3 −2 −1 1 2 3 4

1

2

3

4

5
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4. f(x) =
1

x2 + x− 12
=

1

(x− 3)(x+ 4)
Domain: (−∞,−4) ∪ (−4, 3) ∪ (3,∞)
No x-intercepts
y-intercept: (0,− 1

12)
Vertical asymptotes: x = −4 and x = 3
As x→ −4−, f(x)→∞
As x→ −4+, f(x)→ −∞
As x→ 3−, f(x)→ −∞
As x→ 3+, f(x)→∞
Horizontal asymptote: y = 0
As x→ −∞, f(x)→ 0+

As x→∞, f(x)→ 0+

x

y

−6 −5 −4 −3 −2 −1 1 2 3 4

−1

1

5. f(x) =
2x− 1

−2x2 − 5x+ 3
= − 2x− 1

(2x− 1)(x+ 3)
Domain: (−∞,−3) ∪ (−3, 1

2) ∪ (1
2 ,∞)

No x-intercepts
y-intercept: (0,−1

3)

f(x) =
−1

x+ 3
, x 6= 1

2

Hole in the graph at (1
2 ,−

2
7)

Vertical asymptote: x = −3
As x→ −3−, f(x)→∞
As x→ −3+, f(x)→ −∞
Horizontal asymptote: y = 0
As x→ −∞, f(x)→ 0+

As x→∞, f(x)→ 0−

x

y

−7 −6 −5 −4 −3 −2 −1 1 2

−1

1

6. f(x) =
x

x2 + x− 12
=

x

(x− 3)(x+ 4)
Domain: (−∞,−4) ∪ (−4, 3) ∪ (3,∞)
x-intercept: (0, 0)
y-intercept: (0, 0)
Vertical asymptotes: x = −4 and x = 3
As x→ −4−, f(x)→ −∞
As x→ −4+, f(x)→∞
As x→ 3−, f(x)→ −∞
As x→ 3+, f(x)→∞
Horizontal asymptote: y = 0
As x→ −∞, f(x)→ 0−

As x→∞, f(x)→ 0+

x

y

−6 −5 −4 −3 −2 −1 1 2 3 4 5

−1

1
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7. f(x) =
4x

x2 + 4
Domain: (−∞,∞)
x-intercept: (0, 0)
y-intercept: (0, 0)
No vertical asymptotes
No holes in the graph
Horizontal asymptote: y = 0
As x→ −∞, f(x)→ 0−

As x→∞, f(x)→ 0+

x

y

−7−6−5−4−3−2−1 1 2 3 4 5 6 7

−1

1

8. f(x) =
4x

x2 − 4
=

4x

(x+ 2)(x− 2)
Domain: (−∞,−2) ∪ (−2, 2) ∪ (2,∞)
x-intercept: (0, 0)
y-intercept: (0, 0)
Vertical asymptotes: x = −2, x = 2
As x→ −2−, f(x)→ −∞
As x→ −2+, f(x)→∞
As x→ 2−, f(x)→ −∞
As x→ 2+, f(x)→∞
No holes in the graph
Horizontal asymptote: y = 0
As x→ −∞, f(x)→ 0−

As x→∞, f(x)→ 0+

x

y

−5 −4 −3 −2 −1 1 2 3 4 5
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2
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4

5

9. f(x) =
x2 − x− 12

x2 + x− 6
=
x− 4

x− 2
x 6= −3

Domain: (−∞,−3) ∪ (−3, 2) ∪ (2,∞)
x-intercept: (4, 0)
y-intercept: (0, 2)
Vertical asymptote: x = 2
As x→ 2−, f(x)→∞
As x→ 2+, f(x)→ −∞
Hole at

(
−3, 7

5

)
Horizontal asymptote: y = 1
As x→ −∞, f(x)→ 1+

As x→∞, f(x)→ 1−

x

y
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10. f(x) =
3x2 − 5x− 2

x2 − 9
=

(3x+ 1)(x− 2)

(x+ 3)(x− 3)
Domain: (−∞,−3) ∪ (−3, 3) ∪ (3,∞)
x-intercepts:

(
−1

3 , 0
)
, (2, 0)

y-intercept:
(
0, 2

9

)
Vertical asymptotes: x = −3, x = 3
As x→ −3−, f(x)→∞
As x→ −3+, f(x)→ −∞
As x→ 3−, f(x)→ −∞
As x→ 3+, f(x)→∞
No holes in the graph
Horizontal asymptote: y = 3
As x→ −∞, f(x)→ 3+

As x→∞, f(x)→ 3−

x

y
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11. f(x) =
x2 − x− 6

x+ 1
=

(x− 3)(x+ 2)

x+ 1
Domain: (−∞,−1) ∪ (−1,∞)
x-intercepts: (−2, 0), (3, 0)
y-intercept: (0,−6)
Vertical asymptote: x = −1
As x→ −1−, f(x)→∞
As x→ −1+, f(x)→ −∞
Slant asymptote: y = x− 2
As x→ −∞, the graph is above y = x− 2
As x→∞, the graph is below y = x− 2

x

y

−4−3−2−1 1 2 3 4
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12. f(x) =
x2 − x
3− x

=
x(x− 1)

3− x
Domain: (−∞, 3) ∪ (3,∞)
x-intercepts: (0, 0), (1, 0)
y-intercept: (0, 0)
Vertical asymptote: x = 3
As x→ 3−, f(x)→∞
As x→ 3+, f(x)→ −∞
Slant asymptote: y = −x− 2
As x→ −∞, the graph is above y = −x− 2
As x→∞, the graph is below y = −x− 2

x

y
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13. f(x) =
x3 + 2x2 + x

x2 − x− 2
=
x(x+ 1)

x− 2
x 6= −1

Domain: (−∞,−1) ∪ (−1, 2) ∪ (2,∞)
x-intercept: (0, 0)
y-intercept: (0, 0)
Vertical asymptote: x = 2
As x→ 2−, f(x)→ −∞
As x→ 2+, f(x)→∞
Hole at (−1, 0)
Slant asymptote: y = x+ 3
As x→ −∞, the graph is below y = x+ 3
As x→∞, the graph is above y = x+ 3

x

y
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14. f(x) =
−x3 + 4x

x2 − 9
Domain: (−∞,−3) ∪ (−3, 3) ∪ (3,∞)
x-intercepts: (−2, 0), (0, 0), (2, 0)
y-intercept: (0, 0)
Vertical asymptotes: x = −3, x = 3
As x→ −3−, f(x)→∞
As x→ −3+, f(x)→ −∞
As x→ 3−, f(x)→∞
As x→ 3+, f(x)→ −∞
Slant asymptote: y = −x
As x→ −∞, the graph is above y = −x
As x→∞, the graph is below y = −x

x

y
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15. f(x) =
x3 − 2x2 + 3x

2x2 + 2
Domain: (−∞,∞)
x-intercept: (0, 0)
y-intercept: (0, 0)
Slant asymptote: y = 1

2x− 1
As x→ −∞, the graph is below y = 1

2x− 1
As x→∞, the graph is above y = 1

2x− 1

x

y

−4 −3 −2 −1 1 2 3 4

−2

−1

1

2
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16. f(x) =
x2 − 2x+ 1

x3 + x2 − 2x
Domain: (−∞,−2) ∪ (−2, 0) ∪ (0, 1) ∪ (1,∞)

f(x) =
x− 1

x(x+ 2)
, x 6= 1

No x-intercepts
No y-intercepts
Vertical asymptotes: x = −2 and x = 0
As x→ −2−, f(x)→ −∞
As x→ −2+, f(x)→∞
As x→ 0−, f(x)→∞
As x→ 0+, f(x)→ −∞
Hole in the graph at (1, 0)
Horizontal asymptote: y = 0
As x→ −∞, f(x)→ 0−

As x→∞, f(x)→ 0+

x

y

−5 −4 −3 −2 −1 1 2 3 4 5

−5

−4

−3

−2

−1

1

2

3

4

5

17. f(x) =
1

x− 2

Shift the graph of y =
1

x
to the right 2 units.

x

y

−1 1 2 3 4 5
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18. g(x) = 1− 3

x

Vertically stretch the graph of y =
1

x
by a factor of 3.

Reflect the graph of y =
3

x
about the x-axis.

Shift the graph of y = −3

x
up 1 unit.

x

y
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19. h(x) =
−2x+ 1

x
= −2 +

1

x

Shift the graph of y =
1

x
down 2 units. x

y

−3 −2 −1 1 2 3

−5

−4

−3

−2

−1

1

20. j(x) =
3x− 7

x− 2
= 3− 1

x− 2

Shift the graph of y =
1

x
to the right 2 units.

Reflect the graph of y =
1

x− 2
about the x-axis.

Shift the graph of y = − 1

x− 2
up 3 units.
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